Section |

10 marks

Attempt Questions 1 — 10

Use the multiple choice answer sheet located at the back of the paper.
Allow about 15 minutes for this section

1. Which of the following could be the equation of the polynomial P(x)?

(A)P(X) = (x=1)(x+2) (B) P(x) = (x+1)?*(x-2)°
(C) P(x) = (x-1)*(x+2)° (D) P(x) = (x+1)(x-2)°
2. sin2acos2a =

(A) %sin4a (B) 4sinacosa  (C) %sinZa (D) 2sin2a

3. Thepoints A, B and C lie on the circle with centre O. OA is parallel to CB.

AC intersects OB at D and ~ODC = q..
A
WA.L

® 2 ® % © = ©) 30

What is the size of ZOAD in terms of o.?
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4. If x=t?and y =/t which of the following is an expression for %?

3 2
© 3

N w

lt
D) 7
5. Which of the following represents the graph of y = cos™ (x+1) ?

(A) (B)

(©) (D)
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6.  What is the indefinite integral for I(Zsinz x—xz)dx?

3

(A) 2x-sin 2x—%+C

3

(B) x—isin 2x—X—+C
2 3

3

©) 2x—cost—X?+C

3

(D) x—lc052x—x—+C
2 3

2

7. Which of the following is a graph of y =— 2 ?
X —_
(A) (B)
(©) (D)

Page 3

2013 CTHS Mathematics Extension 1 AP4 Examination



8. If u=x*+1 then j'olxz(x3 +1)*dx is equivalent to,
(A) gj'ou du
(B) 3_|'Olu3du
12 4
(C) 3 L u’du

(D) 3_[12u3du

9
9.  The coefficient of x°in the expansion of (Zx—éj is given by,
X

(A —C,(2)'(3f
®) °C,(2)'(3)
© °C(2)(3)
O -°C,(2)°(3)

10. Anobject moves in a straight line so that at time t its displacement from a fixed origin is x and its
velocity is v. The acceleration is 5—6x . Which of the following is the correct equation for
velocity given that v=2 when x=17?

(A) v=5x—3x°

(B) v=5x—3x
(®) v=+10x—6x
(D) v=20x-12x"
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Section 11

60 marks

Attempt Questions 11 - 14

Allow about 1 hour 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In questions 11-14, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 Marks) Use a SEPARATE writing booklet. Marks
(@ Find the value of k if x—-4 isa factor of P(x) = x> = 3kx’ + 32 1
B
> dx
(b)  Evaluate , giving your answer as an exact value. 3
2
o 97
(c) Find the acute angle between the lines x—y+2=0 and 2x-y-1=0, to the nearest 2
minute.
(d) Solve L > ! 3
3X X+2
(6)  Solve cos@(2sin@-1)=0 and express your answers as general solutions. 2
(F) A water trough has a vertical cross section in the shape of an equilateral triangle as
shown in the diagram. It is initially empty and is being filled with water at the rate of 4
cubic metres per hour.
(i)  Given that the trough is 5 metres high and 21 metres long, show that the volume 2
of water in the trough at depth D metres is given by,
V =743D?
(if)  Find the exact rate at which the water level is rising when the water has a depth 2
of 1-5 metres?
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Question 12 (15 Marks) Use a SEPARATE writing booklet. Marks
(@) Use mathematical induction to prove that 3
n r 2
In =In forn>1.
El (r+2j ((n+1)(n+2)j
e height of a giraffe has been modeled using the equation
(b)  The height of a giraffe has b deled using th i
H =5.40—4.80e

where H is the height in metres, t is the age in years and k is a positive constant.

Q) If a 6 year old giraffe has a height of 5.16 metres, find the value of k. 1

(i) Find the limiting height of the giraffe. 1
(c)  Use the substitution t = tan X to show that L+cosx +s!n X- coti. 2

2 1-cos x+sin X 2
13°
(d) () Expand (x+—j in descending powers of x. 1
X
. 1 5 1 .
(i) If x+==n, express X +— interms of n. 2
X X

(e) Consider the function f(x)=2-log ,x.

(i)  Find the equation of the inverse function f(x). 1

(i)  Explain why the xcoordinate X of the point of intersection P of the graphs 2

y=f(x)and y = f *(x) satisfies the equation e>* — X =0.
(iii) Use one applications of Newton’s Method with an initial value of X =1-4to find 2
the value of X correct to two decimal places.
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Question 13 (15 Marks) Use a SEPARATE writing booklet.

(@) A basketball player of height 2 metres throws a ball on to the top of a flat roofed
building. The height of the roof is 8 metres above the ground. The basketball player

throws the ball at an initial velocity of 16 ms™ when he is 4 metres from the base of the
building.

NOT TO
SCALE

J_

(1)  Derive expressions for the vertical and horizontal components of the
displacement of the ball from the point of projection. Assume X=0 and § =-10

and use the origin as shown on the diagram.

(i) Show that the cartesian equation of the ball’s path is

y =—ix2(1+tan2 0)+xtan 6+ 2
256

(i) What are the two angles of projection he must throw the ball between to ensure
that the ball lands at the top of the building? Answer correct to the nearest
degree.

(b) () Showthat (p-q)*=2(p*+q*)—(p+q)’

(i) P(2p, p®) and Q(2qg,q*)are two points on the parabola x* = 4y and M is the
midpoint of PQ. If P and Q move on the parabola so that p—q =1, show that the
locus of M is the parabola x* =4y —1.

Question 13 Continues on the next page

Marks
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Question 13 continued Marks

(c)  Use the substitution x =siné& where <9 s% to evaluate 3

d A particle is travelling in a straight line. Its displacement (xcm)from O at a given time
(t seconds) after the start of motion is given by

X=2+sin’t
It is travelling in simple harmonic motion.

(i)  Find the centre of motion. 1

(if)  Find the total distance travelled by the particle in the first 37”seconds. 2
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Question 14 (15 Marks) Use a SEPARATE writing booklet. Marks

(@ Two circles C; and C, centred at P and Q with equal radii r intersect at A and B
respectively. AC is a diameter in circle C; and AD is a diameter in C,.

Redraw the diagram in your answer booklet.

(i)  Show that A4ABC is congruent to AABD. 2

(ii) Show that PB //AD. 2

(iii) Show that PQDB is a parallelogram. 1

(b)  Use the binomial expansion of (1+x)" and integration to show that 3
1 1 2"

"C,+="C,+="C, +...= for n=1,2,3,...
3 5

n+1

Question 14 Continues on the next page
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Question 14 Continued Marks

© @ Show that: 2

tan* A—tan'B = tan‘l(lA_Aij ,where AB % -1
+

(ii) 3

In AABC above, ZCAD =6, Z/DAB =« , AB =x,CD =9 and BD =16.

Show that Hztanl[ 29X J
X°+400

(iii)  Hence, or otherwise, find the value of x such that € is a maximum. 2

End of Paper
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2013 CTHS Mathematics Extension 1 Section | - Answer Sheet

Student Name

Class

Select the alternative A, B, C or D that best answers the question. Fill in the response oval completely.
Sample: 2+4= (A) 2 (B) 6 ©) 8 (D) 9
AO B@ CcO DO
= |f you think you have made a mistake, put a cross through the incorrect answer and fill in the new
answer.
A@® B@ CO DO

= |f you change your mind and have crossed out what you consider to be the correct answer, then indicate
the correct answer by writing the word correct and drawing an arrow as follows.

Correct

N
A @® @8 cO pO

1. AO B O C O DO
2. A O BO c O DO
3. A O BO c O DO
4. AO BO c O b O
5. A O BO c O DO
6. A O BO c O DO
7. A O BO c O DO
8. A O BO c O DO
9. AO BO c O b O
100. AO B O c O b O
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2013 AP4 Mathematics Extension 1 Solutions

Q | Solution | Marks
Section 1 — Multiple Choice
1 |(B) 1
2 sinda = 2sin 2a cos 2 1
. Sin2a cos2a = %sin da
(A)
3 1
A
B
C
Let ZOAC =p

OA|| CB(given)

Z0AC = ZACB (alternate angles

of parallel lines are equal, OA || CB)
. ZACB=p

ZAOB =2/ACB (angle at the centre
is twice the angle at the
circumference, standing on the same
arc)

Z/AOB =2/

Z0ODA =180° - a(angle sum of a
straight angle)

In AOAD

2+ [ +180° -« =180° (anlge sum
of a triangle)

Q | Solution Marks
4 X:t2 y:\/f 1
y? =t
X =(y%)?
:y4
1
y=xt
o 1
dx 4
1,3
— = (t?) ¢
4( )
zlt_g
4
(D)
5 |(B) 1
6 | cos2x=1-2sin?x 1
2sin? x =1—cos 2x
j(zsinzx—xz)dx
:j(l—c052x—x2)dx
H 3
:X_S|n2x_x_+c
2 3
(B)
7 (D) 1
8 |u=x"+1 x=1 x=0 1
OI—u:3x2 u=2 u=1
dx
1 1 1
I x?(x® +1)dx :—j (x® +1)°3x°dx
0 3Jo
2
=1J‘ uddu
3J:
©
9 3 1
9Ck (ZX)ka (__j
X

1 k
— QCk 29—k (_3)k X9—k (;j

_ 9Ck 09k (_3)k x9-2K
Co-efficient of x° is when
9-2k=5
2k = 4
k=2
9C2 292 (_3)?
(B)




Solution

Marks

<
I
N
>
Il
-

a=5-6x

L)
j(%\ﬂj:j@—ex)

2
Ev2:5x—6i+c
2 2

2
%xZZ 5x1-2L o

C=0

v? =10x—6x>

Vv = +/10x — 6X°

Given conditions v=2 whenx =1
v>0

.V =+/10x—6x>

©




Q | Solution

| Marks

Section 2 — Written responses

Solution

Marks

11
(d)

1 1

2
>0x (3x2 + 6x)2
3x +6X

(3x* +6X)x(=2x+2)>0
6X(X+2)(1—x)=>0

(3x2 + 6x)2 X

X< -2, 0<x<1,

11 | P(4)=4°-3kx4*+32 1
@ | p@y=0
4 —3kx4*+32=0
6448k +32=0
48k =96
k=2
11 V3 dx 3
b IZ—
(b) o 9+4x?
_J‘f dx
- 2
0 4 g_‘_ﬁ
4 4
_EJ‘? dx
4Jo 9+X2
V3
:E gtanl(gj ?
4)3 3],
J3
1 2 2><7
=—x=|tan™* —tan™0
3
:ltan‘1£
6 3
1l ~«
= —X—
6 6
_
36
11 | x—-y+2=0 2
© | m -
2Xx—-y-1=0
m, =
tan 6 = e — M
1+mm,
| 1-2
1+1x2
_1
3
=18°26"

11
(€)

cosd(2sind-1)=0

cos@=0 sinH:%

c0=2m+% G=n+ (1) xZ
2 6




Q | Solution Marks Q | Solution Marks
11 2 11 d_V_4 2
() () | dt
(I) (“) V — 7\/§D2
dv
—=143D
dD V3
tan30°= = d_dp dv
1 dt  dv dt
) o__ 1
3 5 dt 143D
X=— When D =1-5
J3
. dD 1
Area of cross-section at —=—F—x4
. dt  143x1.5
height D metres 4
Azlx[ZxRJxD _21\/§
2 V3 .. the water level is rising
= Ll at a rate of imh‘l when
V3 213

Volume of water in trough
at height D metres
V= D—Zx 21
3
D2 x214/3
s
=7+/3D?

the depth of the water is 1-5m.




Q | Solution Marks
12 | Prove true forn=1 3
@

LHS :In(iJ
1+2
3
In| =
3
HS =In[#j
@+D(1+2)
=
In
2x3
:|n(1j
3

. trueforn=1
Assume true for n=k

" 2
Z?”(r+z] '”((k+na<+2)j

i.e.ln@””(ij '”( j+ +.,{ij ((k+1)(k+2>]

Prove true forn=k +1

e -

LHS:In(len(zj In(?’}t +In(Lj+ln(k+lj
3 4 5 k k+3
( 2 j [k+1j
In +In
(k+D(k+2) k+3

In 2 y k+1
(k+)(k+2) k+3

=In (—2 )
(k+2)(k +3)
= RHS
. trueforn=k+1
-.proved true for all n >1 by mathematical induction

|




Q | Solution e
15 H =5.40-4.80e ¢ .
5.16 =5.40 — 4.80e~ ¥*
4.80e ®* =5.40-5.16
6k _ 0.24
4.80
0.24
log. e =log. | ===
% 9 (4.80)
6k =log, | 224
4.80
0.24
log, (480)
k — .
-6
k =0.499288712
k =0.50
12 | Ast > i
Eb)) e—0.5297t BN 0
ii
~H—>540ast—> o
12 | 1+cosXx+sin X X 5
—— =cot=
(©) | 1—cosx +sinx 2

LHS = (1+ cos x +sin x) =+ (1—cos X +Sin X)

1-t* 2t 1-t2 2t
=|1+——+ = |+|1-—5+—
1+t 1+t 1+t 1+t

_ @)+ A-02+2t  (@+17)-(A-1)*+2t

1+t° 1+t°
_@+t)+a-0*+2t 1+12

1+t° @Q+t?) - (1-t?) +2t
2+ 2t
2ttt
_2(1+1)
2t(t+1)
1
Tt

1




Solution

Marks

12
(d)
(i)

5
1 0 1
X+— =SC x5 L +5C x4 L
X 57 x 47 \x

= x5 +5x3 +10x +10(l)+5(
X

4
5 0

+ C,X
xj 0(

12
(d)
(i)

5
[x+£) | L +5 1 10(lj+10x+5x3+x5
X X5 X3 X

e[l Gl
LERIEOECE
ORI

=n®—(5n(n”-3))-10n
=n®-5n®+15n-10n

=n®-5n®+5n




Q | Solution Marks
12 | f(x)=2-log x 1
E?)) f:y=2-log, x
f': x=2-log,y
log, y=2-x
e2—x — y
y _ e2—x
12 | y=2-log, x and y=e>" 2
Elel)) Since they are inverse functions, they will intersect on the line y = x
at x=X
y=e""and y=X
e =X
e ¥ -X=0
12 2

(e)
(iii)

Letg(x)=e"* - X

g'(x)=—e"" -1
9'(X)
2-14
z1.4_%
- -1
~1.549575135

~1.55




Q | Solution Marks
13 2
(@)
(i)
X=0 y=-10
jx dt:J.dt _[y dt=_|.—10 dt
x=C y=-10t+C
att=0, x=16co0sd att=0, y=16sing
x=16c0sé y =-10t +16sin @
jx dt =J.16cos¢9dt jy dt =j(—10t+163in9) dt
10t* :
x=16cosét+C y=- > +16sin6t+C
att=0,x=0 ..C=0 att=0,y=2 ..C=2
. x=16c0s 6t y =-5t>+16sin ot + 2
13 . X 2
From (i) t=
(@) O 1= 16cos0
1 sup into y = -5t* +16sin 6t + 2
2
y=—5( X j+16$in0( X )+2
16cosé 16cosé
2
y:—i X2 +tan @ x x+2
256 cos” @
yz—ixzsec26+xtan0+2
256
y:—ix2(1+tan20)+xtan9+2
256
13 | Whenx=4, y=8 2

(a)
(iii)

Substitute into y = —% x?(L+tan® @)+ xtan 8+ 2
8= —i><42(1+tan2 0)+4xtan @+ 2
256

8=—%(1+tan26?)+4xtan9+2

128 = -5(1+tan® &) + 64 x tan 6 + 32

128 = -5-5tan® 6+ 64 tan & + 32

5tan® @ —64tan @ +101=0

| 64+/(-64)? —4x5x101
2x5

64 +~/2076
10
0 =62° or 85°
. the ball must be thrown between 62° and 85°

tan @

tan @ =




Q | Solution Marks
13 | show that (p—q)*> =2(p?+9?)—(p+Qq)° 1
b
E& RHS =2(p®+q*)—(p+0)*
=2p*+29° - (p° +2pg+q°)
=2p®+29*-p*-2pg-q°
=p*-2pg-q°
=(p-0q)°
— LHS
gg P(2p, p?) , Q(24,9?) g
(ii) | x=2P+29
2
=p+q
Giventhatp—-q=1
~ p2+qz
2
((p—qf+(p+qu
2
= from (i
y 5 ()
_(p-a)’+(p+a)’
4

2 2

1"+ x ]
y= 2 usingp—g=landx=p+q

4y = x> +1
X =4y-1




Marks

Q | Solution
13 3
(c) X=sin@ Whenx:ﬁ le
2 2
%:cose g =sin"* ﬁ H:Sin‘l(ij
de 2 2
- dx=cos@do _Z _r
3 6
B ,
X dx = 2_sin"0 cos@deo
: 1-x? J7 J1-sin?6
I
= |2 4 xcos@dé
Jz +Jcos® @
6
a2
= Sl choseda
Jz cos
6
(o
= | sin“0déo
6
—_6) . in 26 :
Sl 27
- 6
z 4
= i—lsmz Zj — ﬁ—lsmz[zj
2 4 3 2 4 6
1. 2x r 1.«
=| ——=sin— |-| ——=sin—
6 4 3 12 4 3




Solution

Marks

13
(d)
(i)

X =2+sin’t
X =2sintcost
X=2costcost—sintx2sint

=2cos*t—2sin’t

When X =0, particle is at the centre

2c0s’t—2sin’t=0
cos’t—sin’t=0
cos2t=0

13
(d)
(i)

X = 2sintcost
When x=0
2sintcost=0
sintcost=0
sint=0

t=0, 7,2x,...
cost=0

t=x X = 2+ (sin z)?
=2

3z

T2

1+1+1=3

t x:2+(sin377[)2

.-.total distance travelled in the first %ﬁseconds

is3m.




Solution

Marks

14
(@)
(i)

There are many methods which can be used to answer this question. Here is one:

AC = AD (circles C, and C, have equal radii, given)
AB is common

ZABC =90° (angles in a semicircle are 90°)

ZABD =90° (angles in a semicircle are 90°)

-. ZABC = ZABD =90°

. AABC = AABD (RHS)

14
()
(i)

Z/CAB = ZDAB (corresponding angles of congruent
triangles are equal)

Let ZCAB=6

/DAB =6
.. ZCPB =2/CAB (angle at the centre is twice the angle at the circumference

standing on the same arc)

..ZCPB =260
/PCB =90° - ZCAB (complementary angles of ACAB)
- /ZPCB=90°-¢
/PBC + ZPCB + ZCPB =180° (angle sum of a triangle is 180°)
.. ZPBC =180°-(90°-8) - 26
/PBC =90°-6
ZADB =90°- ZDAB (complementary angles of ADAB)
.. ZADB =90° -4
.. Z/PBC = Z/ADB =90°-46
.. PB|| AD (corresponding angles are equal, .. the lines are parallel)

14
@)
(iii)

PB = QD (radii of a circle)

QD || PB (sinceQD || AP from (ii))

..PQDB is a parallelogram (one pair of opposite
sides are equal and parallel)




Q | Solution Marks
14 | 1+X)"="Cy+"Cx+"C,x* + "C,x* + "C,x* +...+ "C X" 3
(b)

(L+x)"dx = [ ("C, + "C,x+ "C,x* + "C,x* + "C,x* +...+ "C_x") dx
0 1 2 3 4 n
J._11(1+ x)"dx = J._ll(”CO +"Cx+ "C,x* + "C,x* + "C,x* +...+ "C x")dx

[(1+x)”} :(nCO ETRLCIC O T ”Cn(l)””j_

n+l |, 3 4 ©on+l
n _ 2 n _ 3 n _ 4 n _ n+1
oA G N o ) S e P o e
2 3 4 n+1
n n n 2 n 3 n 4 n n+l
2 0 "Cox1+ GO, GO GO | G
n+l n+1 2 3 4 n+1
n _ 2 n _ 3 n _ 4 n _ n+l
Gy (1) 5 CED" TG TG TG (D
2 3 4 n+1
n+l n _1\n+1
2 ”CO—l"C1+1”C2—1”C3+...+—C“( Y
n+1 2 3 4 n+1
:“COJri”Cl+l”C2+£”C3+...+—1 "C,
2 3 4 n+1
n+l
2 :2(”CO+E”C2+£”C4+...+L”an
n+1 3 5 n+1

3 % 5 n+1

_2x2 ("C0+1”C +£“C4+...+L”an

2x(n+1)

2__ "C, +1“C2 +£“C4+...+L”Cn forn=1,2,3...

n+1 3 5 n+1




Q | Solution Marks
14 |Ifg=tan*A>tana=A 2
g‘)) If f=tan'B —>tan f=B
Now tan(a — f) = M
l+tanatan g
_A-B
1+ AB
A-B
La-pf=tan”| ——
P (1+ AB]
ie. tantA-tan'B= tan‘l( A-B j
1+ AB
14 25 3
EC)) tan(¢9+a) —7
i
LO+a=tant (ﬁj ........ 1
X
tan o =E
X
a :tanl(Ej ............... 2
X

Froml #=tan™ (ﬁ)—a
X

From 2 #=tan™ (gj— tan™* [Ej
X X

Now using the result from (i)
25/ _16
f=tan™" M .......... 3
1+2%><1%

25 16 25y 16x  ox
1+2%x1%_ x2+400 X% +400

Hztanl( 29X j
X +400




Solution

Marks

14
(c)
(iii)

& will be a maximum when 5
X

9x

Let y=
y x% + 400

dy 9(x2 +400)—9X><2X
X (x2+400)

~ 3600-9x?

- (x* +400)

dy =0 when 3600-9x> =0
dx

S.Xx=20, x>0

+400

X 19 20 21

Yy | +0.46 |0 -0.44

/

oo @ 1s a maximum when x = 20

is a maximum.




